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Let Ω ⊂ Rd be a bounded, Lipschitz domain. We want to solve the Dirichlet problem in the weak sense{
(−∆)spu = 0 in Ω

u = g on Ωc

where (−∆)sp is the fractional p-Laplacian for s ∈ (0, 1) and 1 < p <∞ given by

(−4)spu(x) := (1− s) lim
ε→0+

ˆ

Bε(x)c

|u(x)− u(y)|p−2 u(x)− u(y)

|x− y|d+sp
dy.

•For p = 2 this coincides with the fractional Laplacian up to a constant.

•The operator −(−4)sp localizes to the p-Laplacian ∆pu := div(|∇u|p−2∇u) as s→ 1−.

•Euler-Lagrange equation associated with the functional Js,p(v) :=
´

(Ωc×Ωc)c
|v(x)− v(y)|p / |x− y|d+sp d(x, y).

•The appropriate function space for weak solutions is V s,p(Ω |Rd) := {u : Rd→ R m.b. | Js,p(u) <∞}.
• In [3] it has been proven that V s,p(Ω |Rd)→ W 1,p(Ω) as s→ 1−.

Goal: Find a sequence of Banach spaces Ts,p(Ωc) of functions on Ωc such that the trace V s,p(Ω |Rd) 3 u 7→ u|Ωc is
continuous and there exists a continuous right inverse Exts : Ts,p(Ωc)→ V s,p(Ω |Rd). Furthermore, can we pick the spaces
such that Ts,p(Ωc)→ W 1−1/p,p(∂Ω) as s→ 1−?
Related literature: [5, 2, 1, 4, 6]

Setup

We define measures µs(dx) := 1Ωc(x)(1 − s)d−sx (1 + dx)
−d−s(p−1)dx on the σ-algebra B(Rd), s ∈ (0, 1), p ≥ 1 where

dx := dist(x, ∂Ω) for x ∈ Rd. We introduce our trace spaces Ts,p(Ωc) := {g : Ωc→ R m.b. | ‖g‖Ts,p(Ωc) <∞} where

‖g‖p
Ts,p(Ωc) := ‖g‖pLp(Ωc;µs)

+ [g]p
Ts,p(Ωc), [g]p

Ts,p(Ωc) :=

¨

Ωc Ωc

|g(x)− g(y)|p

((|x− y| + dx + dy) ∧ 1)d+s(p−2)
µs(dx)µs(dy).

Theorem 1. Let Ω ⊂ Rd be a bounded Lipschitz domain, s ∈ (0, 1), 1 < p <∞. Then the trace map

Trs : V s,p(Ω |Rd)→ Ts,p(Ωc), u 7→ u|Ωc

is continuous and linear and there exists a continuous right inverse

Exts : Ts,p(Ωc)→ V s,p(Ω |Rd), g 7→ Exts(g).

The continuity constants of both operators depend on Ω, a lower bound on s as well as a lower and upper bound on p.
Theorem 2. Let Ω ⊂ Rd be a bounded Lipschitz domain and 1 < p <∞. For any u ∈ W 1,p(Rd)

‖Trsu‖Lp(Ωc;µs)
→ ‖u|∂Ω‖Lp(∂Ω) and [Trsu]Ts,p(Ωc) → [u|∂Ω]W 1−1/p,p(∂Ω) as s→ 1−.
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